New upper bounds on the smallest size t 2 (2, q) of a complete arc in the projective plane P G(2, q) are obtained for 853 ≤ q ≤ 4561 and q ∈ T 1 ∪ T 2 where T 1 = {173, 181, 193, 229, 243, 257, 271, 277, 293, 343, 373, 409, 443, 449, 457, 461, 463, 467, 479, 487, 491, 499, 529, 563, 569, 571, 577, 587, 593, 599, 601, 607, 613, 617, 619, 631, 641, 661, 673, 677, 683, 691, 709}, T 2 = {4597, 4703, 4723, 4733, 4789, 4799, 4813, 4831, 5003, 5347, 5641, 5843, 6011, 8192}. From these new bounds it follows that for q ≤ 2593 and q = 2693, 2753, the relation t 2 (2, q) < 4.5 √ q holds. Also, for q ≤ 4561 we have t 2 (2, q) < 4.75 √ q. It is showed that for 23 ≤ q ≤ 4561 and q ∈ T 2 ∪ {2 14 , 2 15 , 2 18 }, the inequality t 2 (2, q) < √ q ln 0.75 q is true. Moreover, the results obtained allow us to conjecture that this estimate holds for all q ≥ 23. The new upper bounds are obtained by finding new small complete arcs with the help of a computer search using randomized greedy algorithms. Also new constructions of complete arcs are proposed. These constructions form families of k-arcs in P G(2, q) containing arcs of all sizes k in a region k min ≤ k ≤ k max where k min is of order 
Introduction
Let P G(2, q) be the projective plane over the Galois field F q . An k-arc is a set of k points no three of which are collinear. An k-arc is called complete if it is not contained in an (k + 1)-arc of P G(2, q). For an introduction in projective geometries over finite fields, see [26, 47, 49] .
In [27, 28] the close relationship between the theory of k-arcs, coding theory and mathematical statistics is presented. In particular, a complete arc in a plane P G(2, q), points of which are treated as 3-dimensional q-ary columns, defines a parity check matrix of a q-ary linear code with codimension 3, Hamming distance 4, and covering radius 2. Arcs can be interpreted as linear maximum distance separable (MDS) codes [53, 54] and they are related to optimal coverings arrays [24] and to superregular matrices [29] .
One of the main problems in the study of projective planes, which is also of interest in coding theory, is finding of the spectrum of possible sizes of complete arcs.
A great part of this work is devoted to upper bounds on t 2 (2, q), the smallest size of a complete arc in P G (2, q) . Also we propose new constructions of complete arcs in P G(2, q) and consider the spectrum of their possible sizes.
Surveys of results on the sizes of plane complete arcs, methods of their construction and comprehension of the relating properties can be found in [3-5, 16, 25-28, 36, 42-45, 47-53] . In particular, as it is noted in [27, 28] , the following idea of Segre [48] and Lombardo-Radice [36] is fruitful: the points of the arc are chosen, with some exceptions, among the points of a conic or a cubic curve. We use this idea for constructions of complete arcs and for finding the spectrum of arc sizes, see Sections 2, 5, and 6.
The maximum size m 2 (2, q) of a complete arc in P G(2, q) is well known. It holds that m 2 (2, q) = q + 1 if q odd q + 2 if q even .
On the other hand, finding an estimation of the minimum size t 2 (2, q) is a hard open problem.
Problems connected with small complete plane arcs are considered in [3-5, 8, 9, 14, 17, 19-23, 26, 30, 35, 37-39, 46-48, 50-53] , see also the references therein.
We denote the aggregates of q values: t 2 (2, q) < 4 √ q for q ≤ 841 . In [19] , see also [23] , complete (4 √ q − 4) -arcs are obtained for q = p 2 odd, q ≤ 1681 or q = 2401. In [9, 14] complete (4 √ q − 4)-arcs are obtained for even q = 64, 256, 1024. By the results above-cited it holds that t 2 (2, q) < 4 √ q for 2 ≤ q ≤ 841, q ∈ Q.
(1.1)
For even q = 2 h , 11 ≤ h ≤ 15, the smallest known sizes of complete n -arcs in P G(2, q) are obtained in [9] , see also [5, p. 35] . They are as follows: t 2 (2, 2 11 ) = 201, t 2 (2, 2 12 ) = 307, t 2 (2, 2 13 ) = 461, t 2 (2, 2 14 ) = 665, t 2 (2, 2 15 ) = 993. Also, (6 √ q − 6)-arcs in P G(2, q), q = 4 2h+1 , are constructed in [8] ; for h ≤ 4 it is proved that they are complete. It gives a complete 3066-arc in P G(2, 2 18 ). Let t(P q ) be the size of the smallest complete arc in any (not necessarily Galois) projective plane P q of order q. In [30] , for sufficiently large q, the following result is proved (we give it in the form of [28, Tab. 2.6]):
√ q log c q, c ≤ 300, (1.2) where c and d are constants independent of q (i.e. universal constants). The logarithm basis is not noted as the estimate is asymptotic. In this work, by computer search using randomized greedy algorithms (see Section 2), new small complete arcs in P G(2, q) are obtained for all q ∈ T 1 ∪ T 2 and for 853 ≤ q ≤ 4561. For q = 601, 661, the new complete arcs arose from a theoretical study on orbits of subgroups, helped by computer [22] . From the sizes of the new arcs, with the use of (1.1) and [5, Tab. 1] , [8] , the following theorems result (see also Theorems 3.2, 3.3, and 4.1 for more details). Theorem 1.1. In P G(2, q), the following holds.
Moreover, the study of the values of t 2 (2, q) allows us to conjecture that the estimate (1.3) holds for all q ≥ 23 and the last estimate of Theorem 1.1 is right for all q ≤ 8192.
Regarding the spectrum of complete arc sizes, we note (going after [28, p. 209] ) that in literature, complete arcs have constructed with sizes approximately 1 2 q (see [2, 5, 13, 18, 26, 33, 34, 36, 42, 44, 45, 49] ), 1 3 q (see [1, 31, 50, 51, 55] ), 1 4 q (see [31, 52] ), 2q 0.9 (see [50] where such the arcs are constructed for q > 7 10 ). In particular, for even q ≥ 8 there is a complete 1 2 (q + 4)-arc [26] . Important results on the spectrum of complete arc 3 sizes are collected in [28, Th. 2.6] where it is noted, for example, that in P G(2, q) with q square there exists a complete (q − √ q + 1)-arc. In [32] , large complete arcs in P G(2, q n ) are defined and new infinite families of the such arcs are constructed.
Much attention is given to 1 2 (q + 5)-arcs and 1 2 (q + 7)-arcs sharing 1 2 (q + 3) points with a conic for q odd [2, 4, 5] , [12, Rem. 3] , [13, 18, 33, 34, 44] . It is proved that for all odd q there is a complete 1 2 (q + 5)-arc [34] , see also [2] . Also, a complete 1 2 (q + 7)-arc exists at least for the following odd q : In this work new Constructions A, B, C of complete arcs are proposed, see Section 5. These constructions form families of complete k-arcs in P G(2, q) containing arcs of all sizes k in a region k min ≤ k ≤ k max where k min is of order (ii) Construction B : For the given q, in order to show that arcs obtained by a construction are complete we should calculate by computer some special value, say L q (see Definitions 5.4, 5.14, 5.21) and check if L q ≤ R q where R q = ⌊ A k-arc of Constructions A and B contains k − 2 points in common with a conic and two points lying on a tangent to the conic (Construction A) or on a bisecant of the conic (Construction B). A k-arc of Construction C contains k − 3 points in common with a conic, two points lying on a bisecant and one point on a tangent. Note that in [1] , k-arcs containing k − 2 points of a hyperoval (the nucleus among them) and two points on its bisecant are constructed. Also, in the space P G(3, q), k-caps with k − 2 points in common with a quadric are considered in [15, 40, 41] . In [15, 40] , the cap contains two points on a tangent to the quadric while in [41] two points lie on an external line.
The complete arcs of Constructions A, B, C can be used as starting objects for inductive constructions of [9] and [32] , see Remark 5.28. In that way, using results of [9] together with Constructions A, B, C, one can generate infinite sets of families of complete caps in projective spaces P G(v, 2 n ) of growing dimensions v. Also, infinite families of large complete arcs in P G(2, q n ) with growing n can be obtained by constructions of [32] using arcs of Constructions A, B, C.
In this work, using Constructions A, B, C and randomized greedy algorithms, new complete arcs in P G(2, q) are obtained for 169 ≤ q ≤ 349 and q = 1013, 2003.
In Section 2 we describe the greedy algorithms used for obtaining new arcs. In Section 3 we collect the known and new upper bounds on t 2 (2, q) for q ≤ 4561 and q ∈ T 2 ∪ T 3 . The bounds are represented by tables, where values of t 2 (2, q) are written, and by the corresponding relations. In Section 4 we give the upper bounds on t 2 (2, q) in the form of (1.3) and substantiate Conjecture 1.3. In Section 5 new Constructions A, B, C of complete arcs are described. Finally, in Section 6 we present new sizes of complete arcs in P G(2, q) with 169 ≤ q ≤ 349 and q = 1013, 2003.
Some of the results of this work were briefly presented without proofs in [6] , see also [7] .
An approach to computer search
In this paper for computer search we use the randomized greedy algorithms [3, Sec. 2], [11, Sec. 2] that are convenient for relatively large q and for obtaining examples of different sizes of complete arcs. At every step an algorithm minimizes or maximizes an objective function f but some steps are executed in a random manner. The number of these steps and their ordinal numbers have been taken intuitively. Also, if the same extremum of f can be obtained in distinct ways, one way is chosen randomly.
We begin to construct a complete arc by using a starting set of points S 0 . At the i-th step one point is added to the set and we obtain a point set S i . As the value of the objective function f we consider the number of points in P G(2, q) that lie on bisecants of the set obtained. For small arcs we look for the maximum of the objective function f. For the spectrum of arc sizes we use both the maximum and the minimum of f .
On every of "random" steps we take d q of randomly chosen uncovered points of P G(2, q) and compute the objective function f adding each of these d q points to S i . The point providing the extremum is included into S i . The value of d q is given intuitively depending upon q, upon the number of chosen points (i.e. |S i−1 |), and upon the current task (small arcs or the spectrum of arc sizes). For example, one can put d q = 1 for finding of the spectrum and d q = 100β with β = 1, 2, . . . for small arcs.
As S 0 we can use a subset of points of an arc obtained in previous stages of the search. Also, for finding the spectrum of arc sizes it is fruitful to take as S 0 a part of points of 5 a conic. A generator of random numbers is used for a random choice. To get arcs with distinct sizes, starting conditions of the generator are changed for the same set S 0 . In this way the algorithm works in a convenient limited region of the search space to obtain examples improving the size of the arc from which the fixed points have been taken. In order to obtain arcs with new sizes one should make sufficiently many attempts with the randomized greedy algorithms. For small arcs, the so called predicted sizes considered in Section 4 are useful for understanding if a good result have been obtained. If the result is not close to the predicted size, the attempts should be continued.
Note also that arcs with sizes close to t 2 (2, q) usually are obtained as a byproduct when we execute the computer search for the smallest arcs using a few attempts.
Throughout the paper, in all tables we denote A q = a q √ q − t 2 (2, q) where
. Also, in all tables, B q is a superior approximation of t 2 (2, q)/ √ q. For q ≤ 841, the values of t 2 (2, q) (up to June 2009) are collected in [5, Tab. 1] . In this work we obtained small arcs with new sizes for q ∈ T 1 . The new arcs are obtained by computer search, based on the randomized greedy algorithms. Complete 90-arcs for q = 601, 661 came from a theoretical study on orbits of subgroups, helped by computer, see [22] . These arcs are announced also in [10, Tab. 1]. A complete 104-arc for q = 709 is obtained by the greedy algorithm with the starting point set taking from [22] . The current values of t 2 (2, q) for q ≤ 841 are given in Table 1 . The data for q ∈ T 1 improving results of [5, Tab. 1] are written in Table 1 in bold font. The exact values t 2 (2, q) = t 2 (2, q) are marked by the dot " ". In particular, due to the recent result [38] we noted the values t 2 (2, 31) = t 2 (2, 32) = 14.
From Table 1 and the results of [19, 23] , on complete (4 √ q − 4)-arcs for q = p 2 (see Introduction) we obtain Theorem 3.1 improving and extending the results of [5, Th. 1].
Theorem 3.1. In P G(2, q), the following holds.
Also, 
, 373, 383, 601, 661;
, 433, 443, 463, 601, 661; Table 1 The smallest known sizes t 2 = t 2 (2, q) < 4 √ q of complete arcs in planes PG(2, q), q ≤ 841. 
In Table 2 , the current values of t 2 (2, q) for 853 ≤ q ≤ 2593 are given. The data for q = p 2 with t 2 (2, q) = 4 √ q − 4 [19, 23] are written in bold font. From Table 2 , we obtain Theorem 3.2.
Theorem 3.2. In P G(2, q), the following holds. In Table 3 , the current values of t 2 (2, q) for 2609 ≤ q ≤ 4561 are given. The data with t 2 (2, q) < 4.5 √ q are written in bold font. Values of t 2 (2, q) for relatively great q ∈ T 2 ∪ T 3 are given in Table 4 . The notation D q ( Table 2 The smallest known sizes t 2 = t 2 (2, q) < 4.5 √ q of complete arcs in planes P G(2, q), The smallest known sizes t 2 = t 2 (2, q) < 4.5 √ q of complete arcs in planes P G(2, q), In Table 2 for q ∈ Q, we use the results of [9, 19, 23] , see also [5, p. 35] . In Table 4 , for q ∈ T 3 we use the results of [8, 9] , see also [5, p. 35] and Introduction. The rest of sizes k for small complete k-arcs in Tables 2, 3 and 4 is obtained in this work by computer search with the help of the randomized greedy algorithms.
Note that a complete 199-arc in P G(2, 2048) of Table 2 , a complete 301-arc in P G(2, 4096) of Table 3 , and a complete 450-arc in P G(2, 8192) of Table 4 improve the results of [9] for q = 2 11 , 2 12 , 2 13 , see Introduction. From Tables 3 and 4 , we obtain Theorem 3.3. Theorem 3.3. In P G(2, q), the following holds. Table 3 The smallest known sizes t 2 = t 2 (2, q) < 4.75 √ q of complete arcs in planes P G(2, q), 
Observations of t 2 (2, q) values
We look for upper estimates of the collection of t 2 (2, q) values from Tables 1-4 in the form (1.2), see [30] and [28, Tab. 2.6] . For definiteness, we use the natural logarithms. Let c be a constant independent of q. We introduce D q (c) and D q (c) as follows:
Table 4
The smallest known sizes t 2 = t 2 (2, q) of complete arcs in planes P G(2, q) with q ∈ T 2 ∪T 3 Data for relatively big q, collected in Table 4 , in large confirm Observation 1.
By Observation 1 it seems that the values of D q (0.75) and D q (0.75) are sufficiently convenient for estimates of t 2 (2, q) and t 2 (2, q).
From Tables 1-4 , we obtain Theorem 4.1.
Theorem 4.1. In P G(2, q), We denote One can treat t 2 (2, q) as a predicted value of t 2 (2, q). Then ∆ q is the difference between the smallest known size t 2 (2, q) of complete arcs and the predicted value. Finally, P q is this difference in percentage terms of the smallest known size.
(4.6) By (4.5) and (4.6), see also Fig. 3 and 4 , the upper bounds of ∆ q and P q are relatively small. Moreover, the upper bound of P q decreases when q grows. Therefore the values of ∆ q and P q are useful for computer search of small arcs.
The relations (4. Remark 4.2. By above, √ q ln 0.75 q seems a reasonable upper bound on the current collection of t 2 (2, q) values. It gives some reference points for computer search and foundations for Conjecture 1.3 on the upper bound for t 2 (2, q). In principle, the constant c = 0.75 can be sightly reduced to move the curve √ q ln c q near to the curve of t 2 (2, q), see Theorem 4.3. In P G(2, q),
Constructions of families of complete arcs in P G(2, q)
In the homogenous coordinates of a point (x 0 , x 1 , x 2 ) we put x 0 ∈ {0, 1}, x 1 , x 2 ∈ F q . Let F * q = F q \{0}. Let ξ be a primitive element of F q . Remind that indexes of powers of ξ are calculated modulo q − 1.
Throughout this section we use the conic C of equation x 2 1 = x 0 x 2 . We denote points of C as follows: 
Arcs with two points on a tangent to a conic
Through this subsection, q ≥ 19 is an odd prime. Let H be an integer in the region
We denote by V H the following (H + 1)-subset of the conic C :
We denote the points of P G(2, q) :
Let ℓ 0 be the line of equation x 0 = 0. It is the tangent to C at A ∞ . It holds that {P ,T H } ⊂ ℓ 0 . Construction A. Let q be an odd prime. Let H, V H , P and T H be given by (5.1)-(5.3). We construct a point (H + 3)-set K H in the plane P G(2, q) as follows:
The following lemma can be proved by elementary calculations. (iii) Let a ∈ F q , a = i. Then a point (1, a, i 2 ) is collinear with P, A i .
Theorem 5.2. The (H + 3)-set K H of Construction A is an arc in P G(2, q).
Proof. By (5.1),(5.2), the sum i + j in (5.4) is running on {1, 2, . . . , 2H − 1} where (5.3). Therefore P and T H do not lie on bisecants of V H . In other side, any point of V H does not lie on the line P T H as P T H is a tangent to C in A ∞ . Proof. All points of ℓ 0 are covered as two points P and T H of this line belong to K H .
Let R and S be sets of integers modulo q, i.e. R ∪ S ⊂ F q . Let R = {−H, −(H − 1), . . . , −1} = {q − H, q − (H − 1), . . . , q − 1}. By Lemma 5.1(i), points A j , A −j , P are collinear. Therefore, a point A j of C\V H with j ∈ R lies on the bisecant of K H through P and A −j where −j ∈ {H, H − 1, . . . , 1}, A −j ∈ V H . 17 
We proved that {H + 1, H + 2, . . . , q − 1} ⊆ S ∪ R. Also we showed that the points A j of C\V H with j ∈ S ∪ R are covered by bisecants of K H through P (if j ∈ R) or through T H (if j ∈ S). In the other side, C\V H = {A j : j = H +1, H +2, . . . , q−1}∪{A ∞ } where A ∞ ∈ ℓ 0 . So, all points of C\V H are covered.
Definition 5.4. Let q be an odd prime. Let H be an integer and let
We call critical value of H and denote by H q the smallest value of H such that all points of the form (1, a, b) , a, b ∈ F q , b = a 2 , lie on bisecants of P H . 
Then the arc K H of Construction A is complete.
Proof. We use Theorem 5.3 and Definition 5.4.
In this subsection, we put q ≥ 19 as we checked by computer that
Corollary 5.6. Let q ≥ 19 be an odd prime. Let H q ≤ 1 2 (q − 1). Then Construction A forms a family of complete k-arcs in P G(2, q) containing arcs of all sizes k in the region
If H q ≤ 1 3 (q − 1) then cardinality of this family is equal to Table 5 . Table 5 The values H q , G q , J q for cases 19 9  43 19  16 71 24  25 103  34 167 42  23 11  47 18  18 73  27  107 36  30 179 62  27  12 49  18  79 29  27 125  43  191 49  29 13  53 20 19  81  29  127  39 211 54  31 14  14 59 23  24 83 29  29 131  38 223 60  32  15  61 22 22  89 32  139  38 343 86  37 16 16  64  24  97  33  151  42  41 16 19  67 24  23 101  35  163  41 Theorem 5.8. Let q be an odd prime with 109 ≤ q ≤ 1367, 2003 ≤ q ≤ 2063, or q = 73, 97, 101, 103. Then Construction A forms a family of complete k-arcs in P G(2, q) containing arcs of all sizes k in the region
Proof. We use Corollary 5.6 and Theorem 5.7(ii).
Arcs with two points on a bisecant of a conic
Throughout this subsection, q ≥ 32 is a prime power. Let G be an integer in the region
We denote by D G the following (G + 1)-subset of the conic C :
We denote the points of P G(2, q) : 
Construction B. Let q be a prime power. Assume that q ≡ 3 (mod 4). Let G, D G , Z, and B G be given by (5.6)-(5.9). We construct a point (G + 3)-set W G in P G(2, q) as follows:
From Lemma 5.1 it follows. Proof. By (5.6),(5.7), {A 0 , A (q−1)/4 } ⊂ D G . So, the point P is covered by Corollary 5.10(ii),(iii).
All points of ℓ 1 are covered as two points Z and B G of this line belong to W G . Throughout this proof, R and S are sets of integers modulo q − 1. It can be said that R and S are sets of indexes of powers of ξ.
Let
. . , q − 2}. By Lemma 5.11, points A t , A −t , Z are collinear. Therefore, a point A t of C D G with t ∈ R lies on the bisecant of W G through A −t and Z where −t ∈ {G, G − 1, . . . , 1},
We proved that {G + 1, G + 2, . . . , q − 2} ⊆ S ∪ R. Also we showed that the points A t of C D G with t ∈ S ∪ R are covered by bisecants of W G either through Z (if t ∈ R) or through B G (if t ∈ S). In the other side, C D G = {A t : t = G + 1, G + 2, . . . , q − 2} ∪ {A ∞ , A 0 } where {A ∞ , A 0 } ⊂ ℓ 1 . So, all points of C D G are covered.
Definition 5.14. Let q be a prime power. Let q ≡ 3 (mod 4). For integer G, let
We call critical value of G and denote by G q the smallest value of G such that all points (1, a, b) with a ∈ F * q , b ∈ F q , b = a 2 , and all points (0, 1, b) with b ∈ F * q , lie on bisecants of Z G . 
then the arc W G of Construction B is complete.
Proof. We use Theorem 5.13 and Definition 5.14.
In this subsection, we put q ≥ 32 as we checked by computer that Theorem 5.17. Let q ≡ 3 (mod 4) be a prime power. Let G q be given by Definition 5.14. We introduce d q and δ q as follows:
Then the following holds.
if 32 ≤ q ≤ 81 and q = 97, 101, 125.
(ii) Proof. We use Corollary 5.16 and Theorem 5.17(ii).
Arcs with three points outside a conic
Throughout this subsection, q ≥ 27 is a prime power and also q ≡ 3 (mod 4). Let J be an integer in the region
Notations D J , B J , and β J are taken from (5.7) and (5.9) with substitution G by J. Using (5.14), it is easy to see that Corollary 5.10(i),(iv), Theorem 5.12 and their proofs hold for D J , B J , and β J as well as for D G , B G , and β G . Construction C. Let q ≡ 3 (mod 4) be a prime power.. Let P, J, D J , Z, and B J be given by (5.3),(5.14),(5.7), and (5.9). We construct a point (J + 4)-set E J in P G(2, q) as follows: Proof. All points of ℓ 1 are covered as two points Z and B J of this line belong to E J . Throughout this proof, R, S, and T are sets of integers modulo q − 1. It can be said that R, S, and T are sets of indexes of powers of ξ. We act similarly to the proof of Theorem 5.13.
Let R = {−J, −(J −1), . . . , −1} = {q−1−J, q−1−(J −1), . . ., q−2}. By Lemma 5.11, a point A t of C D J with t ∈ R lies on the bisecant of E J through A −t and Z where We proved that {J + 1, J + 2, . . . , q − 2} ⊆ S ∪ R ∪ T . Also we showed that the points A t of C D J with t ∈ S ∪ R ∪ T are covered by bisecants of E J either through Z (if t ∈ R) or through B J (if t ∈ S) or, finally, through P (if t ∈ T ). In the other side, C D J = {A t : t = J + 1, J + 2, . . . , q − 2} ∪ {A ∞ , A 0 } where {A ∞ , A 0 } ⊂ ℓ 1 . So, all points of C D J are covered.
Definition 5.21. Let q ≡ 3 (mod 4) be a prime power. For integer J, let
We call critical value of J and denote by J q the smallest value of J such that all points (1, a, b) with a ∈ F * q , b ∈ F q , b = a 2 , and all points (0, 1, b) with b ∈ F * q , lie on bisecants of Q J . 
then the arc E J of Construction C is complete.
Proof. We use Theorem 5.20 and Definition 5.21.
In this subsection, we put q ≥ 27 as we checked by computer that Theorem 5.24. Let q ≡ 3 (mod 4) be a prime power. Let J q be given by Definition 5.21. We introduce r q and θ q as follows: Proof. We use Corollary 5.23 and Theorem 5.24(ii).
Basing on Theorems 5.7, 5.17, 5.24 and taking into account that √ q ln 0.9 q < √ q ln q, √ q ln 0.95 q < √ q ln q, we conjecture the following, cf. Conjecture 1.5.
Conjecture 5.26. Let H q , G q , J q be given by Definitions 5.4, 5.14, 5.21. Let for H q , q be prime while for G q and J q it holds that q is a prime power. Finally, let q ≡ 3 ( mod 4) for G q and q ≡ 3 (mod 4) for J q . Then the following holds. Tables 1 and 2 . One can see that the upper estimates of t 2 (2, q), H q , G q , and J q have the same structure and the values of t 2 (2, q), H q , G q , and J q have a close order. This seems to be natural as almost all points of P G(2, q) lie on bisecants of P H q , Z G q , and Q J q , see Definitions 5.4, 5.14 and 5.21.
Remark 5.28. The complete arcs of Constructions A, B, C can be used as starting objects in inductive constructions. For example, for even q, arcs of Construction B can be used in constructions of [9, Ths 1.1,3.14-3.17,4.6-4.8]. In that way, one can generate infinite sets of families of complete caps in projective spaces P G(v, 2 n ) of growing dimensions v. For every v, constructions of [9] can obtain a complete cap from every complete arc of Construction B. Also, it can be shown that in Constructions A, B, C all points not on conic are external. So, the arcs of Constructions A and C for q ≡ 3 ( mod 4) can be used as starting objects in constructions of [32] , see [32, Th. 23] . Thereby, infinite families of large complete arcs in P G(2, q n ) with growing n can be obtained.
6. On the spectrum of possible sizes of complete arcs in P G(2, q)
The main known results on the spectrum of possible sizes of complete arcs in P G(2, q) are given in Introduction with the corresponding references. Taking into account the results cited in Introduction, we denote . We suppose that the smallest known sizes t 2 (2, q) are given in Tables 1-4 An experience obtained in computer search for the proof of Theorem 6.1 allows us to do Conjecture 6.2. Here we took into account sizes that can be got by Constructions A, B, C and the remark on sizes close to t 2 (2, q) in the end of Section 2. Note also that the rest of sizes for all 169 ≤ q ≤ 349 and q = 1013, 2003 was relatively easy obtained by the greedy algorithms with point subset of a conic taken as the starting set S 0 . For this we used consequently subsets of cardinality approximately 15%, 20%, 25%, 30% of the conic cardinality q + 1.
Conjecture 6.2. Let 353 ≤ q ≤ 4561, q ∈ T 2 ∪ T 3 , be a prime power. Then in P G(2, q) there are complete k-arcs of all the sizes in the region t 2 (2, q) ≤ k ≤ M q . Moreover, complete k-arcs with t 2 (2, q) ≤ k ≤ 1 2 (q + 5) can be obtained either by Constructions A, B, C or by the randomized greedy algorithms.
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